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Abstract The new inversion formula for the Laplace transformation of the tempered dis- 
tributions with supports in the closed positive semiaxis is obtained. The inverse Laplace 
transform of the tempered distribution is defined by means of the limit of the special dis- 
tribution constructed from this distribution. The weak spectral condition on the Euclidean 
Green's functions requires that some of the limits needed for the inversion formula exist for 
any Euclidean Green's function with even number of variables. We prove that the initial 
Osterwalder-Schrader axioms [|I|] and the weak spectral condition are equivalent with the 
Wightman axioms. 

1 Introduction 

In 1973 K.Osterwalder and R.Schrader claimed to have found necessary and sufficient con- 
ditions under which Euclidean Green's functions have analytic continuations whose boundary 
values define a unique set of Wightman distributions. The pricipal idea of the Osterwalder- 
Schrader paper || was to consider the Euclidean Green's functions to be the distributions. 
Usually the Euclidean Green's functions were considered to be the analytic functions. Later 
R.Schrader H found the counter example for the crucial lemma of the paper [l]. In 1975 
K.Osterwalder and R.Schrader proposed additional "linear growth condition" under which 
Euclidean Green's functions, satisfying the Osterwalder-Schrader axioms |L), define the 
Wightman theory. But these new extended axioms for the Euclidean Green's functions 
may be not equivalent with the Wightman axioms. It is possible to restore the equiva- 
lence theorem by adding the new condition that the Euclidean Green's functions are the 
Laplace transforms of the tempered distributions with supports in the positive semiaxis with 
respect to the time variables. The equivalence theorem becomes trivial 0. This new condi- 
tion contradicts the principal Osterwalder-Schrader idea to consider the Euclidean Green's 
functions to be the distributions and it is not suitable for applications because it seems dif- 
ficult to check it up. This paper is an attempt to understand the mathematical foundation 
of the Osterwalder-Schrader results. Our aim is to find the additional reasonable condition 
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which allows to prove that the extended Osterwalder-Schrader axioms are equivalent with 
the Wightman axioms. 

One of the Ostewalder-Schrader axioms is the positivity condition. If we consider the 
simplest case and neglect the space variables we can write the positivity condition in the 
form 



/•oo roc 

/ dt dsf{t + s)<f>(t)<f>(s) >0 (l.r 
Jo Jo 



Due to H Lemma A] the positivity condition (|1 . 1| ) for the distribution /(£) G Z?'(R + ), where 
R + is the open positive semiaxis, implies the condition in R + 

jm+n £ 

E« m a n -— J -(t)>0 (1.2) 

for all finite sequences of the complex numbers a m . Corollary C from || implies that the 
distribution f(t) G _D'(R + ), satisfying the condition (|1.2|) for all terminating sequences of 
complex numbers a m , is the restriction to the semiaxis of a function A(x + iy) analytic in 
the tube R + + iR. To explain the difficulties which this way encounters in proving the 
Osterwalder-Schrader theorem we cite here an extract from the remarkable paper || : " The 
Euclidean Green's functions satisfying the Osterwalder-Schrader postulates can be shown 
to be restrictions of the functions analytic in the whole Wightman causal domain and to 
satisfy the positivity condition there in a sence to be presently explained. The author has, 
however, not been able to show the tempered growth of those analytic functions near the real 
Minkowski space boundary and believes at present that this is impossible to achieve without 
further assumptions on the growth properties of Schwinger functions s n with respect to the 
index n. This is suggested by the fact that in order to reach the real Minkowski space by 
analytic completion for a given s n an infinite number of steps are required, each of which 
involves the other functions s m via the Schwartz inequality with higher and higher values 
of m" . Our way of proving the equivalence theorem doesn't use the analytic functions at 
all. Due to the Osterwalder-Schrader idea we consider the Euclidean Green's functions to 
be the distributions. 

S.Bernstein H called a function exponentially convex if it satisfies the positivity condition 



1~T|) . We shall prove that a tempered distribution f(t) G 5"(R+) is exponentially convex iff 

L_) is absolutely monotonic, i. e. 

(t) > (1.3) 



a tempered distribution g(t) = f(—t) G S"(R_) is absolutely monotonic, i. e 

d m g 



dt m 

for all m = 0, 1,... . The following counter example: f(t) = exp{t} shows that this theorem 
is wrong for the distributions from D'(R + ). S.Bernstein studied the absolutely monotonic 
functions. It is natural to have a try to generalize the Bernstein result. We shall prove that 
if for a distribution f(t) G _D'(R + ) a distribution g(t) = f(—t) G D'(R_) is absolutely 
monotonic then 



oo 

ts 



f(t) = e' ts d^(s), (1.4) 



o 



where the positive measure /i(s) has tempered growth. The measure /i(s) explicitely depends 
on the distribution f(t). It is the sum of two limits of the special distributions constructed 
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from the distribution f(t). By using the generalized Bernstein theorem it is possible to obtain 
the new inversion formula for the Laplace transformation of the tempered distributions with 
supports in the closed positive semiaxis. Our weak spectral condition on the Euclidean 
Green's functions requires that some of the limits needed for the inversion formula exist 
for any Euclidean Green's function with even number of variables. We shall prove that the 
initial Osterwalder-Schrader axioms [|lj and the weak spectral condition are equivalent with 
the Wightman axioms. 

In the next section we study the absolutely monotonic distributions. The generalization 
of the Bernstein theorem is proved. The new inversion formula for the Laplace transforma- 
tion of the tempered distributions with supports in the closed positive semiaxis is obtained. 
The third section is devoted to study the exponentially convex tempered distributions and 
the tempered distributions satisfying the Osterwalder-Schrader positivity condition which 
includes the space variables. In the fourth section the revised Osterwalder-Schrader theorem 
is proved. 

2 Absolutely monotonic distributions 

Z?(R+) denotes the subspace of -D(R) of functions with support in the positive semiaxis 
R + = [0, oo), given the induced topology. Similarly D(R_) denotes the subspace of -D(R) of 
functions with support in the negative semiaxis R = (— oo, 0], given the induced topology. 
If the function <j)(x) G _D(R_) then the function </>(— x) G D(FL + ). 

Since the topology of the space _D(R + ) is induced by the topology of the space -D(R) 
there exists a natural number N for a distribution / G D'(R + ) such that the estimation 

\{fA)\<C sup |^| (2.1) 

dx K 



x€R + ,0<k<N 



holds for every function <p(x) G -D(R) with support in the interval [0,1]. By using the 
estimation (p7T|) and the identity 

d k k d 

' ( x ^ (f) ( x ))= x N ^[l[(N 1 ~j+x—)}(x ( t>(x)) (2.2) 



dx k dx 
for a natural number k it is easy to show for any integer N% > N that the inequality 

\(x m f(x),<f>(x))\ < C x sup |(x-f) fc (x0(x))| (2.3) 

x£R+,0<k<N ctx 

holds for every function <f)(x) G -D(R) with support in the interval [0,1]. We denote by 
N(f) the minimal integer Ni such that the distribution x Nl f(x) G D'(H + ) satisfies the 
inequality of type (|2.3| ) for every function <p(x) G -D(R) with support in the interval [0, 1]. 



The inequality (|2.3|) implies the inequality 



N(f) > N{xf) (2.4) 
dx 



for any distribution f(x) G -D'(R^ 
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Lemma 2.1. For every distribution f(x) G D'(R + ), for any function <j)(x) G -D(R) and for 

every integer N > N(f) the limit 

lim (x N f(x),6(x)exp{-ax- 1 }(f)(x)) (2.5) 

defines the extension [x N f](x) G -D'(R) with support in the positive semiaxis R+. 
Proof. Lemma 2.1 follows from the estimation (|2.3|) and |5|, equality (14)]. 



The distribution fix) G _D'(R_) is said to be absolutely monotonic if for all natural 
numbers m = 0, 1,... the distribution 4-^r(a?) is positive. 

If a function 0(x) G -D(R) then for sufficiently large positive t the function 0(x + t) G 
£'(R_). 

Lemma 2.2. Let t/te distribution f(x) G D'(R_) fee absolutely monotonic then for any 
function 4>{x) G -D(R) 

lim (f(x),c/>(x-t)) = L - 1 [/] / 0(x)dx (2.6) 



lim t k (pj:(x), ( j ) (x-t))=0,k = l,2,... (2.7) 

// the distribution f(x) G £)'(R_) is absolutely monotonic the distribution (—x)~ 1 f(x) G 
_D'(R_) a/so absolutely monotonic, and the constant Lq 1 [(— s) _1 /(a;)] = 0. 
Proof Let the function 0(x) G -D(R) be positive and its support be in the interval [a, b}. 
The function /(£; 0) = (f(x), (f)(x — t)) is defined on the semiaxis (— oo, —a}. It is infinitely 
differentiable. Since the distribution f(x) is absolutely monotonic the positivity of the 
function (p(x) implies 

dP cIP i~ 

-^f(t; 4>) = {-^(x), (f>{x-t))>0,n = 0, 1, ... (2.8) 
Hence for every n — 1, 2,... we get 



< 2\t 



-i 



d n ~ l d n ~ l 



where t < 0, —a. Due to the inequlities Q2.8| ) the function f(t; 0) is positive and non- 
decreasing on the semiaxis (— oo, —a]. Therefore the limit (|2.6| ) exists. Then it follows from 
the inequality fl2.9p for n = 1 that the limit ( |2.7| ) equals zero for k = 1. By using the 
induction and the inequality ( |2.9|) it is easy to prove the equalities ( p.7|) for /c = 1,2,... and 
for any positive function 0(x) G L>(R). 

Let a function 4>(x) G -D(R) and the number M = sup xgR |0(x)|. Let a positive function 
h(x) G -D(R) be equal to one on the support of the function 0(x). The function cf){x) 
is the difference of the positive functions l/2(Mh(x) ± <p(x)). This decomposition implies 
the equalities (|2.7|) for the function 0(x) since the equalities (|2.7|) are valid for the positive 
functions from D(Tl). 
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Let the integral of a positive function h(x) G -D(R) be equal to one. Then any function 
4>(x) G -D(R) may be rewritten as 

dip 



/°° dip 
4>(y)dy + -r-(x 
-co (XX 



(2.10) 

where ip{x) G D(R). The limit Q2.6| ) exists for any positive function from D(R). Hence the 
decomposition ( |2.10|) and the equality (|2.7|) for fc = 1 imply the equality Q2.6|) . 

If the distribution f(x) G Z/(R_) is absolutely monotonic the distribution (— x) _1 /(x) G 
_D'(R_) is also absolutely monotonic. It follows from the relations (|2.6|) for the distributions 
f(x) and (— x)~ 1 f(x) that 



lim t{(-x)- 1 f{x),<t>(x-t))= (2.11) 

r — > — oo 

roo /•oo 

— L 1 [(— x)^ 1 f(x)] / X(p(x)dx — L / (p(x)dx 



Since the limit ( |2.6| ) for the distribution (— x)^ 1 f(x) exists the limit ( |2.11| ) may exist when 
the constant Lq 1 [(— x)~ 1 f(x)} = 0. 

For a function (f)(x) G -D(R) and k = 1, 2,... we introduce the function 

roo 

^ k \x) = —((k - l)!)- 1 / (x - y) k - l <t>{y)dy (2.12) 



and for k = we define (p^(x) = (f>(x). The infinitely differentiable function (|2.12j ) 
equals zero on the positive semiaxis for <p{x) G -D(R_). Our notation is reasonable since 
= for I < k. 

Let a positive function /i(x) G -D(R) have the integral equal one and its support be in the 
positive semiaxis. Let us construct the infinitely differentiable function with finite support 
for every T < 

h T (x) = f X ' T h(y)dy. (2.13) 



Lemma 2.3. Let a distribution f(x) G _D'(R_) be absolutely monotonic. Then for any 
function <p(x) G £>(R_) and for any integer k = 1,2,... 

rfk f poo 

lim (-l)\^(x)M{x)& k \x)) = (f(xU(x)) -L^lf] / <p(x)dx, (2.14) 

i— >— oc (XX J —oo 



where the constant Lq 1 ^] is given by the equality (|2? 
Proof. The definitions ( |2.12| ) and ( |2.13| ) imply for any integer k = 1,2,... the following 
relation 

&x),hr{x)<l> { - k) {x)) = -(P^(x),h T (x)^- k \x)) 
dx K dx K 1 

{H{X ~ T) ~ ( 2 - 15 ) 
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Due to the definitions the supports of the functions h(x) and (f>( k \x) don't intersect. 
Hence the function h(x)(j)(~ k \x) = 0. By using the equality Q2.15p k times we get 



(-l) k (^(x),h T (x)^- k \x)) = (f(x),h T (x)<j>(x)) + 

Ysi-m-rr^iKx-T^-^ix)). (2.16) 
p =o ax 

Since the supports of the functions h(x) and (f)(x) are finite we obtain for the sufficiently 
large modulus of the negative number T 

h(x - T) f (x - y) p - l 4>(y)dy = 0, (2.17) 



where the integer p = 1,2,... . It follows from the relations ( |2.6|) , fl2.7|) , ( P.12|) and ( |2.17p 
that 



lim Y.(-m J j;(x),Hx-T)<j ) ^- 1 \x)) = -L l lf] / 0(*)cfe, (2.18) 

where the constant -^o" 1 [/] is given by the equality ( f2~B"l) . 

The definition ( |2. 13| ) implies that the function hx{x) is equal to one on the support of 
the function <p(x) G _D(R_) for the sufficiently large modulus of the negative number T, as 
the integral of the function h(x) G _D(R + ) is equal to one. Now the equality ( |2.14| ) is the 
consequence of the equalities (|2.16| ) and ( |2.18| ). 

For a distribution f(x) G D'(R_) we define a functional on the space 5(R) by the 
following relation 



(L^[f](-x;n,T),^x)) = (f(x),L: l [<f>](-x;n,T)) = 
(n!)- 1 ((-x)"^(x), ei-x^TixW-nx- 1 )), (2.19) 

where n is a positive integer and the function hx{x) is given by the equality (|2~l3|) . It is easy 
to show that the tempered distribution L~ 1 [/](— x; n, T) G 5"(R) is positive and its support 
is in the positive semiaxis. 

Proposition 2.4. Let a distribution f(x) G D'(R_) be absolutely monotonic. Then in the 
topological space 5"(R) there exists the limit 

Jim ^L-'if] (-x; n,T) = L?\f\(-x) (2.20) 

The tempered distribution L c 7 1 [/](— x) G 5"(R) is positive and its support is in the positive 
semiaxis. 

Proof. Let us multiply and divide the function <f)(x) in the right-hand side of the equalities 
( |2.19|) by the same polynomial (1 + x) N 



6 



(L^/](-z;n,T),0(x)) = (nl)^ J dx(-xr +N ^ +1 ^(x) x 

(-xf-^-iei-x^T^ ^'^ f^-nx- 1 ), (2.21) 

where N(f) is the minimal integer Aq such that the inequality ( |2.3|) is satisfied. The relation 
for Aq = 1 implies 

( - x)n+iY(/)+1 S^ (x) = (-ir w)+ vr (/)+1 (n(^ + 1 (*)■ ( 2 - 22 ) 



Due to the inequality ( |2.4j) and Lemma 2.1 the positive distribution ( [2.22 ) from £)'(R_) 



is extended to the positive distribution from D'(R) with support in the negative semiaxis. 
This extension is defined by the limit analogous to the limit (|2.5|) . 

For the sufficiently large positive integer n the function (—x) N ~ N ^~ 1 hT(x)(n — x)~ N 
is infinitely differentiate for iV > N(f). It is positive on the negative semiaxis. Now the 
positivity of the extension of the distribution (|2.22|) implies the following estimation of the 



integral (2.21 



| (L- 1 [/](-*; n, T) , 4>(x))\ < C n>T (N) sup(l + x) N \4>(x) | . (2.23) 

x>0 

Here the constant 

r rl n+1 f 

C n , T (N) = (n0 _1 j™j dx(-xr+ N ^ +1 ^L(x) x 

6{-x) exp{anx- 1 }(-x) N - N{f) - 1 h T (x)(n - x)~ N = 
lim (L c - 1 [/](-x;n,T),exp{-«x}(l + x)~ N ) (2.24) 

a— >+U 

and the integer N > N(f). We denote by | • |jv the norm in the right-hand side of the 
inequality (|2.23| ). We define Hn to be the Bahach space completion of the space S'(R). 
Due to the inequality ( |2.23j ) for A" = N(f) + 1 the tempered distribution L~ 1 [/](— x; n, T) e 
5"(R) is continued to the linear continuous functional L~ 1 [/](— x; n, T) c on the Banach space 
-£/jv(/) + i. Now the relation ( [2.24] ) may be rewritten as C h ,t(N) = (L~ 1 [/](— x; n, T) c , (1 + 
x)- N ), where N > N(f). 

Let us assume that for any integer iV > N(f) there exists the limit 

lim lim C nT (N) (2.25) 

n-«x> T-+-00 ' 



This assumption and the inequality ( |2.23|) for A" = N(f) + 1 imply that the linear continuous 



functionals L~ l [f] (—x; n, T) c on the Banach space I/jv(/)+i are uniformly bounded. In view of 
the relation (|2.24|) the existence of the limit ( 2.25Q is equivalent to the covergence of sequence 
{L c 7 1 [/](— x; n, T) c } on every function (1 + x)~ N G H N ^ + i, where iV > N(f). If the set of 
these functions is dense in the Banach space i/jv(/)+i then by the Banach-Steinhaus theorem 
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P, Section 3.7] the sequence of linear continuous functional L~ x [f\{— x; n, T) c on the Banach 
space H^(f)+i weakly converges to the linear continuous functional on ifjv(/)+i- Therefore 
the sequence of tempered distributions L~ x [f]{— x; n, T) G 5"(R) weakly converges to the 
tempered distribution from S"(R). Hence due to [[], Section 3.7] the sequence of tempered 
distributions L~ l [f](— x; n, T) coverges in topology of the space S"(R). Now it is easy to 
prove that the tempered distribution L~ 1 [/](— x) = L~ l [f]{— x; oo, — oo)g 5"(R) is positive 
and its support is in the positive semiaxis. 

Let us prove at first that the set of the functions (1 + x)~ N ^~ k ~ l , k = 0,1,... , is 
dense in the Banach space H N ^ +1 . For any function G S(TV) the function <f)(t) = 
0(tan 2 t)(cost) _2 ^ Ar ^- )+1 ^ is continuous on the interval (— 7r/2, it/2). Due to a function 4>{x) G 
S'(R) the function (p(t) may be continued on the closed interval [— 7r/2,7r/2] by setting 
0(— 7r/2) = 0(7r/2) = 0. Hence the Weierstrass theorem implies that the periodic con- 
tinuous function <p(t) on the closed interval [— 7r/2,7r/2] is approximated by the trigonomet- 
ric polynomial b m exp{2rrai}. Since the function <p(t) is even it is approximated by the 
trigonometric polynomial J2b m cos2mt. The function cos2mt is the polynomial of the vari- 
able cos 2 1. Therefore for every positive e there exists the polynomial a m cos 2m t such that 
the modulus of the function (fi(t) — J2 a m c os 2m t on the closed interval [— 7r/2,7r/2] is less 
than e. Due to the relation cos 2m t — (1 + tan 2 t)~ m it implies that 

sup(l + x) 7V(/)+1 |0(^) - Va m (l + a;)- JV(/) - m - 1 | < e (2.26) 



x>0 



Thus the set of the functions (1 + x) - ^^^ - ^ -1 , k = 0, 1,... , is dense in the Banach space 
f7jV(/)+i> as the space S(R) is dense. 

At last let us prove the existence of the limit fl2.25| ) for every integer iV > N(f). If 
a function h(x) G _D(R + ) then for sufficiently large modulus of the negative number T a 
function h(x — T) G _D(R_). By using the definition ( |2.13|) , the identity (|2.2| ) and the 
estimation ( |2.3| ) we can rewrite the expression (|2.24| ) for sufficiently large modulus of the 
negative number T in the following form 

n— 1 jn—k £ Jk 

C n , T (N) = B n>T (N) - W Y.(- l Y l ~ k (^(x)>h(x-T) — (x n+N (x - n)- N )), (2.27) 

k=0 

where the constant 



B n>T (N) = \im n Ax),6(-x)exp{ax- 1 }h T (x)xnA-^ 1 )) ( 2 - 2 8) 



dx 

and the function 



Xu,n(x) = ("0" 1 ^(^"(v - n)~ N ) . (2.29) 



It follows from the identity (|2.2|) that 



Jn k j 



X (X (X — n 



dx n dy 



{H(n+ 1 -j - y—)](l + y)- N \ y= - nx -i . (2.30) 
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Now it is easy to show that the expression ( |2.30|) is bounded on the closed negative semiaxis. 
Hence the absolutely monotonicity of the distribution f(x) G D'(R_) and the relations ( |2.7| ), 
( g27[) imply that 



lim C nT (N)= lim B nT (N). (2.31) 

Let us prove that the numbers B n ^{N) for iV > N(f) form the Cauchy sequence when 
n ^ oo, T — > — oo. In view of the equality ( |2.31| ) it implies the existence of the limit ( |2.25| ). 
If T2 < Ti, then for the sufficiently large modulus of the negative number 7\ the positive 
function hT 2 (x) — h^x) G D(R_) and by the positivity of the distribution ^(x) G D'(R_) 
the relation ( |2.28|) implies the following estimation 

\B n>T2 (N) - B n , Tl (N)\ < (f(x),h(x - T x ) - h(x-T 2 ))sup \ X nA x )\- ( 2 - 32 ) 

x>0 

In virtue of relation ( |2.6| ) the first multiplier in the right-hand side of the inequality ( |2.32j ) 
converges to zero when T 1 ,T 2 — > —00. Due to the positivity of the distribution ^(x) G 
D'(Tl_) we find from the relation ( |2.28| ) 



\B n2 , T (N) - B nuT (N)\ < (2.33) 
lim Ax) } e(-x)exp{ax- 1 }h T (x)(l - x' 1 )-^' 1 ) x 

CH-++0 dX 

SUp(l + x) N{f)+1 \Xn 2 ,N(x) - Xn u N{x)\. 
x>0 

We denote the first multiplier in the right-hand side of the inequality ( |2.33| ) by A(T). The 
numbers A(T) form the Cauchy sequence when T — > —00 and consequently the numbers 
A(T) are uniformly bounded on the negative semiaxis. The proof of this is exactly analogous 
to that of the inequality ( |2.32|) . If we prove that the functions ( |2.29|) converge in norm 
I • |iv(/)+i to the function 

-1 /" WV-1 -i 



XooA*) = ((N ~ 1)0 / t^e-'dt (2.34) 

Jo 

when n — > 00, the inequalities ( 2.32|) and ( p. 33 ) provide us that the numbers B n ^{N) form 
the Cauchy sequence when n — > 00, T — > — 00. 
By the definition fl2.29|) we get 



Xn,N{X) - —T7T- -T7 2^l _i 



n N n\{N-l)\ Jo 



n\(N - 1)!^ k\{n-k)\ n + N-k 

t N -\l-tn- l ) n dt. (2.35) 



(n + N)\ f ^ +x) -i 



The inequality t N1 e l <x N1 t 2 holds on the interval \{n 1 + x) 1 ,x 1 ], where x, n > 0. 
It implies the following estimation 
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sup (1 + x) N ^ +1 f t N - l e- l dt < n- l 2 N ^ +1 . (2.36) 

l<x<oo J(n~ 1 +x)- 1 

Here we use the inequality (1 + x) N ^ +1 x~ N ~ 1 < 2 N ^ +1 valid on the semiaxis [1, oo) for 
N > N(f). The maximal value of the function t N+1 e~ t on the positive semiaxis is equal to 
((N + l)e~ x ) N+1 . Hence by using the inequality (1 + x) N ^ +1 < 2 N ^ +1 for < x < 1 we 
obtain 



-i 



sup (1 + x) N W+i [ X t^e-'dt < n- 1 2 Jv ^ +1 ((iV + l)e-y + \ (2.37) 

0<x<l J(n~ 1 +x)- 1 

For any positive number x and for a natural number n > the number (n^ 1 + x)~ l < n. 
Then the equalities ( |2.34| ), ( |2.35| ) and the estimation ( |2.37| ) imply that 



n N n\ 



SUp (1 + x) Nif)+1 \Xoo,N{x) ~ 7 n^Xn.N{x)\ < 

0<x<l 



n + N)\ 

2 N ^ +1 ((N - l)!)- 1 [n- 1 ((A^ + l^- 1 )^ 1 + (2.38) 
/ (1 + s 2 )" 1 ^ sup (1 + t 2 )^-V' " (1 " tn~ l ) n 11 

JO 0<t<oo 



' + IJ> 



where the function re™ is equal to x n for x > and it is equal to zero, otherwise. It follows 
from the equalities (12T341) , (|2735| ) and the estimation (gjg ) for iV > JV(/) that 



sup (l + x)^ +1 |xoo,7v(x)--^^Xn,v(x)| < (2.39) 



KKoo 



(n + iV)! 



2 ^(/)+ 1 ((iV-l)!)- 1 



n^^iV" 1 sup |e~* - (1 -in -1 )" 

0<t<oo 



For a natural number n > 1 the function x™ is differentiate everywhere. The maximal value 
of the function exp{— t} — (1 — tn -1 )™ on the positive semiaxis is at the point ao satisfying 
the equation exp{— ao} = (1 — a n _1 )™ _1 . This equation implies 

sup |e _ * - (1 - tn~ l ) n + \ = \e~ a ° - (1 - ao^ 1 )™! = ^aoe"" < (ne) _1 . (2.40) 

0<t<oo 

For the natural numbers k and n > 1 the maximal value of the function t k {er l — (1 — in -1 )™) 
on the positive semiaxis is at the point a k satisfying the following equation 

ka k k -\e- ak - (1 - a k n~ l )l) = a k k (e~ ak - (1 - a k n' l )\- 1 ). (2.41) 
If ak < k + 1 the inequality fl2.40|) implies the estimation 

sup t fc |e~* - (1 -tn~ l ) n + \ < (k + l)*(ne) -1 . (2.42) 

0<t<oo 

If ctk > k + 1 by using the equation (|2.41|) we get 
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sup t k \e~ l - (1 - tn- 1 )^ = n-\(l + n~ l k)a k - k)- 1 a k k +2 e~ ak < 

0<t<oo 

n^a^e-^ < rT l {{k + 2)e~ 1 ) fc+2 . (2.43) 

In order to get the first inequality (|2.43|) we use the inequality (1 + n~ 1 k)a,k — k > 1 valid for 
a k > k + 1. It follows from the estimations ( ggp , ( [PI , (pT40|) , (^42D and (^43|) that the 



functions ( |2.35| ) converge in norm | • |jv(/)+i to the function ( |2.34| ). Therefore Proposition 
2.4 is proved. 

By the definitions Q2.19| ) and ( j2.20| ) the tempered distribution L~ l [f]{— x) G 5"(R) is 
positive and its support is in the positive semiaxis. Now Theorem 2 from |7|, Chapter 2, 
Section 2.2] implies that the positive tempered distribution is given by the positive measure. 
This positive measure has tempered growth and its support is in the positive semiaxis. 
Theorem 2.5. For any absolutely monotonic distribution f(x) G D'(R_) the following 
representation 

(/(x),0(x)) = L Q l [f] / <f>{x)dx + / L- l [f]{-p)dp / e px ^x)dx (2.44) 



is valid for any function 4>{x) G _D(R_). Here the positive number L^lf] ^ s given by the 
relation (|2.6|) , the positive measure L c 7 1 [/](— p) with tempered growth and support in the 
positive semiaxis is defined by the relations ( |2.19| ), ( |2.20| ). 

Proof. Let a distribution f(x) G -D'(R_) be absolutely monotonic. Then in view of Lemma 
2.3 the relation fl2.14j ) holds for any function (p(x) G D(R_) and for any integer k = n + 1, 
where n is a natural number. Note that 



\n+l/ u J 



'-(x) 1 h T (x)^ n - 1 \x))= (2.45) 



v ' y dx n + 
(n!)^((-x)"^(x),/ ir (a;)L n [0](- ra - 1 )) ! 



where the function 



L n [<j>]{x) = (1 + n- L xy) n 4>{y)dy. (2.46) 



We take into account that the function (f>(x) has the support in the negative semiaxis. 

Due to the inequality (|2.23|) for iV = N(f) + 1 the tempered distribution L~ l [f}{— x; n, T), 
defined by the equality ( p.!9|) , is continued to the linear continuous functional L~ 1 [/](— x; n,T) c 
on the Banach H N ^ +1 . Let us prove that the function (|2.46| ) converge as n — > oo in norm 



|jv(/)+i to the Laplace transform of the function 0(— x). It is straightforward to show that 



o 



^<j>{y)dy - L n [<f>]{x)\ N(f)+1 < (2.47) 

oo 







\(j){y)\dy sup (1 + x) N{f)+l \e xy - (1 + n~ l xy)l\ 

0<x<oo 
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The right-hand side of the inequality ( |2.47| ) is majorized by the sum 



£ k\(N(f )+ L - t)l L M^Mfe supjV ~ (1 + (2-48) 
Due to the estimations (|2.42|) , (|2.43| ) the sum (|2.48| ) converges to zero as n — > oo. Thus we 



have proved that the right-hand side of the equality ( |2.45| ) converges to 

(L^[f](-x), f° e x y<P(y)dy). (2.49) 



Now the relation ( |2.14j ) implies the equality ( |2.44|) . 



For O an open set in R™, S(0) denotes the subspace of S^R") of functions with support 
in the closure O, given the induced topology. For example ,S(R„) denotes the subspace 
of S(R) of functions with support in the negative semiaxis, given the induced topology. 
Similarly S(R+) denotes the subspace of S'(R) of functions with support in the positive 
semiaxis, given the induced topology. It follows from Theorem 2.5 that every absolutely 
monotonic distribution f(x) £ _D'(R_) may be extended to the tempered distribution from 
S"(R_). 

We remind that a tempered distribution g(t) £ S"(R_) is called absolutely monotonic if 
it satisfies the conditions ( |1.3|) for all m — 0, 1,... . 
Corollary 2.6. The tempered distribution f(x) £ S"(R + ) is the Laplace transform of a 
tempered distribution with support in the positive semiaxis if and only if there exists the 
natural number k such that 

(- x )-*f(-x)=g 1 {x)-g 2 {x) 1 (2.50) 

where the tempered distribuions gj(x) £ S"(R_), j = 1,2, are absolutely monotonic. 

Proof. Due to Theorem from Section 3.8] a tempered distribution with support in the 

positive semiaxis may be written as 

k—l Jm 

9( x ) = -JZ^Vmix), (2.51) 

m=0 aX 

where the measures with tempered growth and with supports in the positive 

semiaxis. 

It is easy to verify that (m!) _1 (^) m+1 x™ = 5(x). Hence the relation ( |2.51|) implies 

9(*) = ((k-m- l)!)-^— 1 * /i m (x)], (2.52) 

ax m =0 

where * denotes the convolution of two tempered distributions with supports in the positive 
semiaxis. If we represent the measure in the right-hand side of the equality ( |2.52j ) as the 
difference of two positive measures with tempered growth and with supports in the positive 
semiaxis we get 

d k 

g( x ) = -r^[M x ) ~ M x )\- (2-53) 
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Taking the Laplace transform of the equality ( |2.53| ) and dividing it by x k we obtain the 
equality (|2.50|) , where x is replaced by —x. 

It is straightforward to show that the equality ( |2.50| ) and Theorem 2.5 imply that the 
tempered distribution f(x) is the Laplace transform of a tempered distribution with support 
in the positive semiaxis. 

Let x denote a point in R 4 with coordinates ( , x) . A point in R 4n 

will be written as x = (xx, x n ), Xi G R 4 . We will use the following open set R 4n = 
{x G R 4n |x° > 0, j = 1, n}. 

Theorem 2.7. Let the tempered distribution f(x) G S"(R^ n ) be the Laplace transform with 

4 71 

respect to the time variables of a tempered distribution with support in the closure R + . Then 
there is the natural number K such that for any integers k > K, 1 < j\ < ■ ■ ■ < ji < n, 
1 < I < n and for all test functions (pj(x) G >S(R 4 ), j G ...ji}; 4>i(x) G S^R 4 ), 1 < i < n, 
i ji, ...ji, there exists the limit 



/l n 
d An xL-\\[x]J~ k f}AxmUxi) = 

m=l - i=l 

r 1 

lim lim / d An x( TT s° y k f(x) x 

n 1 ,...,n l -,oo,n l £ZT u ...,T l ^-oo,T i £-Rj Jm ' W 

n I 

( II H x i)) II L ^ 1 [0j m ]xO m (^ m ;"-m,T m ), (2.54) 
»=ii*£n,— ,ii m=1 

L-^lo^^T) = ^r\^) n+ \{xyd{x°)h T {-x°)<P{n{x Q )-\^)), 

where the function hx(x ) is given by the equality ( [2.13|) . 

The limit ( |2.54| ) defines the inversion formula for the Laplace transformation: 

n ,. I Q I 

(/(aQ,n = / d in <(U ^) fc ^ l [(n 4n)~ h f\M) x 

i=l m=l OX jm m=l - 

roo roo j J' J 1 

j dyl.. ^Lexp{-E^LKII^(^ x iJ) II M*<) (2-55) 

m=l m=l i=l,i^ji,...,j t 

for all functions 4>i{x) G >S(R:}_), i = 1,..., n, and for any integer k > K. 

Proof. Theorem from || Section 3.8] implies that a tempered distribution with support in 

— An 

the closure R + has the following form 

ff(aO= £ (|-)-/%^)> ( 2 -56) 

IroKRT-l ^ 



where we use the standard multiindex notations and Hm{y) are the measures with tempered 

growth and supports in R^_™. Similarly to the proof of Corollary 2.6 the relation ( 2.56Q may 
be written as 
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9^) = dl4w) K E i^dvl (2-57) 

s=l u yj s \m\<K-l,m° =...=m° =0 2- 

where Vm{y) are the measures with tempered growth and supports in Let us inte- 

grate the distribution ( |2.57| ) with the test function which is the product of the funtions: 
exp{-a;^}0 j (y j ) ) <^-(y) G S(R 3 ), j G and eaq>{-a;?j/?}0 i (a;?,y i ), &(a;) G 

5(R^), 1 < i < n, i ^ Let us divide the obtained integral by (x^ ■ ■ ■ x°A K 



If the distribution fix) is the Laplace transform of the tempered distribution Q2.57 ) with 
respect to time variables we get 



(U4»y K f( n ^)rf 3n x/(x)(n^(x,j) n m^) = 

m=l i=l,i^j 1 ,...,j l m=l i=l,i^jx,-,3i 

I 

j dv(y u ...,yi) exp{- ^ dj m Vm}, (2.58) 

m=l 

where the measure u(yi, ...,yi) with support in (R + ) x/ is defined by 

du(y 1 ,...,y l )ip{y 1 ,...,yi)= / diy m{y)^{yj V yj) X 

H<if-l,m° =...=m° =0 
3 1 n 

(-^-r[(n^(y,j)( n J d$^{-$vfi<M,Yi))\ (2 - 59) 



The measure ^(j/i, yi) is the difference ^1(2/1, yi) — ^2(2/1, 2/0 of two positive measures 
with tempered growth and supports in (R+) x '. Then the left-hand side of the equality Q2.58Q 
is equal to 

1 

/ [dvx{yu ...,yi) - dv 2 (yi, -,yi)} exp{- ^ x °j m ym}- (2.60) 

J m=l 

The expression ( |2.60|) , considered as the function on (R_) x ', is the difference /^(a^, £j ; ) — 
f 2 {x^ ,...,Xj) of two absolutely monotonic with respect each variable distributions from 

The arguments of the proof of Proposition 2.4 lead to the existence of the limit (|2.54j) for 
any test function which is the product of the functions: ^j(x°)0j(xj), where ipj{x°) G S'(R), 
0j(x) G S(R 3 ), j = and fafa) G 5(R+), 1 < i < n, i ^ ji,--,ji- Since the 

weak convergence in 5" implies the convergence in the topology of the space S' (see || 
Section 3.7]) the limit is the polylinear functional continuous in each variable. Now the 
nuclear theorem Chapter 1, Section 1, Theorem 6] implies the existence of the distribution 
-^ c r 1 [(rim=i x® m )~ K f] x o(x) and the equality (|2.54|) for any test function which is the product 

of the functions 4>j(xj) G >S(R 4 ), j = ji, and 4>i{ x i) ^O^*); 1 < * < n > * 7^ hi ■■■iji- 

We use this set of the functions in order to avoid the cumbersome notations. For the special 
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case I = n the notations are simple: L c 1 [(fi m =i x m) K f] x o(%) e 5"(R 4n ) and its support is 

in R^ n . The equality ( |2.54| ) is valid in this case for any test function <p(x) G 5'(R 4n ). 

For the absolutely monotonic tempered distribution g(x) G S"(R_) the tempered dis- 
tribution (— x)~ m g(x) G S"(R_) is absolutely monotonic for any natural number m. It is 
possible therefore to divide the expression ( |2.60| ) by (xj ■ ■ ■x°^) k ~ K and to prove the above 
results for any integer k > K. For the integer k > K Lemma 2.2 implies that the limits of 
type (|2.6| ) are equal to zero. Then applying the arguments of the proof of Theorem 2.5 we 
obtain the equality fl2.55|) . 



3 Exponentially convex distributions 

Due to S.Bernstein [Q we call a tempered distribution f(x) G S"(R+) exponentially convex 

if it satisfies the positivity condition ( |1 . 1| ) for any function <p(x) G 5'(R + ). 

Proposition 3.1. For any exponentially convex tempered distribution f(x) G S"(R + ) the 

tempered distribution f(—x) G <S"(R_) is absolutely monotonic. 

Proof. Let us introduce the convolution function 



<l>*(p(x)= <p(x -y)(j){y)dy. (3.1) 



For (f)(x) G £(R+) the function <p * <j){x) G 5(R+). The condition Ql.l|) may be rewritten as 
(f(x),4>* 4>{x)) > 0. Let F[(f)}{p) be the Fourier transform of the function <p{x) G 5(R + ). 
The definition ( |3.1|) implies the following equality F\<f> * (f))(p) = F[cf)](—p)F[(f)}(p). 

By FS(R+) we denote the space of all analytic in the open upper half plane and infinitely 
differentiable in the closed upper half plane functions ip(z) such that the seminorms of the 
form 

Am I 

sup(l + |z|r«z)| (3.2) 

lm^>0 dz m 

are finite for all positive integers m and n. The topology of FS(H + ) is given by the set of 



the seminorms (|3.2|) . 

Let us prove that the Fourier transformation defines an isomorphism between two topo- 
logical spaces: 5(R + ) and FS(R + ). Fourier transform F[(f>](x) of a function <p(x) G 5(R + ) 
has an analytical continuation F[(f)](z) into the open upper half plane. The function F[(j)](z) 
is infinitely differentiable in the closed upper half plane. The inequality y k exp{— yt} < 
C(k)t~ k , valid for t > 0, y > implies the following estimation 

sup \ X ^^M( X + i y)\< (3.3) 

c sup (i+t 2 )t- fc2 -^i^r0(t))|. 



i>0,0<«<fci 



[ dt k * 



Therefore the Fourier transformation defines the continuous mapping of the space S*(R + ) 
into the space FS(R + ). For a function if)(z) G FS(R + ) its restriction ip(x) on the real axis 
belongs to the Schwartz space 5*(R). A straightforward application of Cauchy's theorem 
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shows that the inverse Fourier transform F of the function if)(x) may be rewritten 

for y > as 

/oo 
exp{-ipx}^{x + iy)dx. (3.4) 
-oo 

Since any seminorm ( |3.2| ) is finite we get F~ 1 [ip](p) = for p < by tending y in ( |3.4| ) to 
infinity. Hence F -1 [ip] (p) G 5"(R + ). The inverse Fourier transformation is the topological 
isomorphism of the Schwartz space 5(R). Any seminorm of the Schwartz space S(R) on the 
subspace FS(R + ) is majorized by a corresponding seminorm of the type ( |3.2|) . Thus the 
inverse Fourier transformation is the mapping of the space FS(R + ) into the space 5 , (R + ). 
For any natural number k and for any number a > we define the function 



F[ Xa ](z) = ((a + z/z) 1 / 2 ) fc exp{-a(l + ^) 1 / 2 }, (3.5) 
(a + z/i) 1/2 = (x 2 + (a + y) 2 ) 1/4 exp{-i/2arctan[x(a + y) -1 ]}, 

holomorphic in the open upper half plane. Due to the estimation Re(l + z/i) 1 ^ 2 > (|z|/2) 1//2 , 
valid in the closed upper half plane, the function ( |3.5|) belongs to the space FS(R+). Hence 
its inverse Fourier transform Xa( x ) belongs to the space S'(R + ), as the function Xa( x — t) 
for any positive number t. Therefore the convolution function x a * Xa(x — 2t) = Xa{* ~ t) * 
Xa(* ~ t)( x ) belongs to the space S(R+) for any t > 0. Now the positivity condition fll.lf) 
for the exponentially convex tempered distribution f(x) G S"(R+) implies the inequality 
{f{ x )iX a * Xa( x — 2i)) > for any t > 0. By integration of this inequality with positive 
function l/20(2£) G ^(R.).) we obtain 



(/(*), (x a *X«WO&))>0. (3.6) 



In view of the definition ( |3.5| ) we get F[x a ]{~ x ) = F[x a ]{x). Now it is easy to show that 

POO 

(X a * Xa) * 4>(x) = (Svr)- 1 / djKT*** F[<l>] (p) (F[ Xa \ (p)) 2 (3.7) 



When a — > +0 the functions F[(j)}(z)(F[xa](z)) 2 converge to the function (z/i) k F[(f)](z) in 
the topology of the space FS(R+). Then the left-hand side of the equality ( |3.7| ) converges 
to the function in the topology of the space ^(R^.) as a — > +0. This implies that the 

inequality (|3.6|) converges as a — > +0 to the inequality 

(-lf(0(x),^))>O. (3.8) 

It follows from the inequalities ( |3.8|) for arbitrary natural numbers k and for arbitrary pos- 
itive functions <j){x) G 5'(R + ) that the tempered distribution f(—x) G <S"(R_) is absolutely 
monotonic. 

The distribution f(x) G 5"(R^_) satisfies the Osterwalder-Schrader positivity condition, 
if for any function <j){x) G 5(Ri) 



d 4 xd*yf(x° + y°, x - y)(j>{x)<t>{y) > 0. (3.9) 
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Therefore the Osterwalder-Schrader positivity condition ( |3.9| ) is the condition of exponen- 
tially convexity with respect to the time variable and it is the condition of positively defi- 
niteness with respect to the space variables. By using the proof of Proposition 3.1 and the 
proof of Theorem 1 from J7L Chapter 2, Section 3.1] it is possible to show that the Fourier 
transform F x [f](x°,x) with respect to the space variables of the distrirution f(x) G S"(R/J_), 
satisfying the condition (|3.9| ), satisfies the following condition 

° rF x [/](x°,x)>0 (3.10) 



dx° ' 

for any natural number n = 0,1,... . 

Lemma 3.2. Let tempered distribution f(x) G S"(R/J_) satisfy the Osterwalder-Schrader 
positivity condition ( p.9|) then for any function <p(x) G S^Ri) 

lim (/(x),0(-x°-t,x))= / L Q l [f]A*)d Z * <P(x°,x)dx°, (3.11) 

where the tempered distribution Lo 1 [/] x o(x) G S"(R 3 ) is positively definite, and for any 
natural number k = 1, 2,... 

, lim t fc ((/^) fe /(x),0(-x°-t ) x)) = O. (3.12) 

If the tempered distribution f(x) G S"(R+) satisfies the Osterwalder-Schrader positivity con- 
dition ( |3.9| ) the tempered distribution (x )' 1 f(x) G S"(R+) satisfies the inequalities ( 3. 10] ) 
and the limits (|3.11|) , (|3.12|) for this distribution are equal to zero. 

Proof. Let the Fourier transform F x [0](x°,x) with respect to the space variables of a func- 
tion 4>(x) G S'(Ri) be a positive function. Then by the straightforward application of the 
inequalities (|3.10|) and by the proof of Lemma 2.2 we can prove the relations ( |3.12|) and the 
existence of the limit ( |3.11| ). 

Due to the Theorem 2 from Chapter 2, Section 2.2] the inequalities (|3.10|) imply the 
following estimation for any function <j)(x) G S^Ri) 

\((^rm,<t>(-x°,^)\<c sup (l+i^iYi^xM^ ^)!, (3.i3) 

where the numbers C and p depend on the natural number n = 0, 1, 2,... . Let a(x) be an 
infinitely differentiable positive function with a compact support and let it be equal to one 
into some neighbourhood of zero. For a function <p(x) G S'(Ri) we define M = sup |F x [0](x)|. 
The difference of two positive functions from S'(Ri): 



F^ lm ](x) = exp{m-\x° + (s°)- 1 )}^(-a; )a(m" 1 x)M (3.14) 
F x [<j)2m}(x) = exp{m~ V + (x°)- 1 )}^(-x°)a(m- 1 x)(M - F x [(f>](x)) 



converges as m — > oo to the function F x [(j)](x) G S^Ri) in the norm ( |3.13|) . Due to the 
inequality ( |3.13| ) it implies now the relations ( |3.12j ) and the existence of the limit ( 3.11j) for 
any function (j>(x) G if>(Ri). 

Let the integral of a positive function h(x°) G 5(R_) be equal to one. Any function 
4>(x) G S'(R 4 _) may be represented as 
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0(x) = h(x°) I ^ 4>{y°, x)dy° + J^(x), (3.15) 



where the function i/j(x) G S'(Ri). The existence of the limit ( 3.1 1|) and the equalities ( 3.1 5| ) 



and (|3.12| ) for k — 1 provide the equality (|3.11|) for any function (j)(x) G <9(Ri). In virtue of 
the inequality ( |3.10| ) for n = the tempered distribution Lq 1 [/] x o(x) is positively definite. 
The proof of the last part of Lemma 3.2 follows the arguments of Lemma 2.2. 

For any function (j){x) G S^Ri) and for any integer k = 1, 2,... , we define the function 



{ f\x) = -((k - l)!)- 1 fV - yy-VO/ , *)dy° (3.16) 



and (j) x °o(x) = 4>{x). The definition ( p.l6| ) is quite similar to the definition ( |2.12| ). The 



infinitely different iable function (|3.16|) equals zero for x° > 0. It is easy to see that 
(jEfi) 1( fi^o (%) = (f)^o k \x) for I < k. Let a positive function h T (x°) be given by the re- 
lation ( |2.13D for some positive function h(x°) G .D(R_), having the integral equal one. 
Lemma 3.3. Let a tempered distribution f(x) G S"(R^) satisfy the Osterwalder-Schrader 
positivity condition ( |3.9| ). Then for any function 4>(x) G S*(R 4 ) and for any integer k = 1, 2,... 

T hmJ(A)^ (x)) / lT (_ x o ) ^) ( _ :c O )X)) = (31?) 

r poo 

(/(*), 0(-x°,x)) - / L^[f] x o(x) / 0(x°,x)^°, 



R 



where the positively definite tempered distribution L [/] x o(x)g 5"(R ) is defined by the 



equality (|3.11 



The proof of Lemma 3.3 is exactly analogous to that of Lemma 2.3 and can be omitted. 
For a tempered distribution f(x) G S"(R 4 ) satisfying the Osterwalder-Schrader positiv- 
ity condition ( |3.9| ) we define a functional on the space S"(R 4 ) by the following relation 

(L-^] x o(x;n,T),0(x)) = (f(x), L~ 1 [(f)} x o(x; n, T)) = (3.18) 
(n\)-\(x°n- J^) n+1 f(x°, x), £(x> T (-*>(n(*°r\ x)), 



where n is a positive integer and the function hx(x ) is given by the equality fl2.13| ). It is easy 



to prove that the tempered distribution F x [L~ 1 [/] x o(«; n, T)](x) is positive and its support 
is in the closure of R+ . 

Proposition 3.4. Let a tempered distribution f{x) G ^'(R^) satisfy the Osterwalder- 
Schrader positivity condition (|3~^ ). Then in the topological space S"(R 4 ) there exists the 
limit 

Jim^hin^- 1 [f} x0 (x;n,T) = L- l [f] x0 {x) (3.19) 

The tempered distribution F x [L c 7 1 [/] :E o(«)](2;) G S"(R 4 ) is positive and its support is in the 
closure o/R 4 • 
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Proof. The number N(f) is defined by means of the estimation similar to the estimation (|2.3|) . 
The lemma analogous to Lemma 2.1 is valid for the tempered distribution f(x) G <5"(Ri). 
By using the inequalities ( |3.10| ) and Theorem 2 from |7|, Chapter 2, Section 2.2] it is possible 
to prove the estimation similar to ( [2.23[ ) 



KL^^o^^T),^))! <C n , T (N(f)+l) sup (l+x°)^ +1 (l + |x|r|F x [0](a;)|. (3.20) 

x°>o,xeR 3 

The arguments analogous to those of the proof of Proposition 2.4 allow us to replace the 
constant C n r(iV(/) + 1) by the constant independent of the numbers n and T. 

The inequalities (|3.10|) and Proposition 2.4 imply that the limit ( |3.19| ) exists on every test 



function from 5*(R 4 ) whose Fourier transform with respect to the space variables is a positive 
function. Let a(x) G -D(R 4 ) be positive and let it be equal to one into some neighbourhood 
of zero. For a function G >S(R 4 ) we define M = sup |F x [0](x)|. The difference of two 
positive functions from S^R 4 ) 



F x [(f> lm ](x) = a(m- 1 x)M, (3.21) 
F*[(j)2m}(x) = a{m~ l x){M - F x [0](x)) 

converges as m — > oo to the function F x [<f)](x) G S^R 4 ) in the norm ( p.20|) . Since the constant 
C n ,T(N(f) + 1) in the estimation (|3.20|) may be replaced by the constant independent of the 
numbers n and T it implies the existence of the limit ( |3.19| ) on every test function from 5*(R 4 ). 
Therefore due to 0, Section 3.7] the sequence of tempered distributions L~ x [f\ x o(x\ n, T) 
converges in topology of the space S"(R 4 ). It follows now from the inequalities (|3.10|) and 
the definition ( |3.18| ) that the tempered distribution F x [L~ 1 [/] 1 .o(«)](x) G 5"(R 4 ) is positive 



and its support is in the closure of R 4 . 

A straightforward application of the arguments of the proof of Theorem 2.5 provides the 
following theorem. 

Theorem 3.5. Let a tempered distribution f(x) G S"(R+) satisfy the Osterwalder-Schrader 
positivity condition (|3.9|). Then the following representation 



R 3 



(f(x),<P(x)) = / o Lo^/Ux^x / 0(p°,x))dp° + (3.22 



R 4 



/oo 
exp{-xV}0(p°,x))(ip o 
-oo 



is valid for any function <j>(x) G S^Ri). Here the positively definite tempered distribu- 
tion Lq 1 [/] a ,o(x)G S"(R 3 ) is defined by the equality (|3.11|) and the tempered distribution 
L~ l [f] x o(x)€i S"(R 4 ) defined by the relations fl3.18|) , ( p,19|) . The distribution F x [L~ 1 [/] x o(»)](x) 
G S"(R 4 ) is the positive measure with tempered growth and support in the closure o/Rl. 



4 Revised Osterwalder-Schrader theorem 

We deal with the theory of one Hermitian scalar field. By using the below results and 
Chapter 6 of the paper [0J it is possible to formulate the extended Osterwalder-Schrader 
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axioms and to prove the revised Osterwalder-Schrader theorem for the theories of arbitrary 
spinor fields. 

We introduce some notation from the papers [1] and 0. We define the following open 
sets in R 4n : R 4n ={x G R 4n | x° j+1 > x°,,j = 1, ...,n- 1} and R 4n ={x G R 4n | x { ± x jt 1 < 
i < j < n}. For O an open set in R 4n , the space S(0) is defined above. On S^R 4 ™) we 
define two involutions 



f*(xi,...,x n ) = f(x n , ...,xi) (4.1) 
0f{x u x n ) = f(8x u 0x n ), 

where Ox = (—x°, x) and / means complex conjugation. The space S"(R 4n ) is invariant under 
the involution / — > Of*. Let / G S'(R 4n ), R G SO^ be an element in the rotation group, a G 
R 4 and n G P n be an element in the group of all permutations of n objects (the letter S n will 
be used elsewhere). Then we define f( a ,R) an d f n by f( a ,R)( x i, ■■> x n) =f(Rxi + a,...,Rx n + a) 
and f 7V (x 1 , ...,x n ) =f(x 7T{1) , ...,!,(„)). 

We remind the Osterwalder-Schrader axioms Jl| for the Schwinger functions (Euclidean 
Green's functions). The set of the Schwinger functions {s n } is a sequence of distributions 
s n (xi, x n ) with the following properties 
EO. Distributions 
s = 1, s n G S'(R 4n ) and 

KJ) = (s n ,0r) (4.2) 

for all functions / G S(R 4n ). 
El. Euclidean invariance 



{Sn, f(a,R)) = {Sn, /) (4.3) 

for all R G S0 4 , a G R 4 and / G S(R 4ri ). 
E2. Positivity 

Y.( S n+m,0f:®f m )>0 (4.4) 

for all finite sequences of the functions f n G >S(R 4n fl R 4n ), where the function (/ <g> 
g)(xi,...,x n+m ) = f(x 1 ,...,x n )g(x n+ i,...,x n+m ) is defined for all functions / G S(R 4n ) and 
g G S(R 4m ). 
E3. Symmetry 

(«„,/*) = (*»,/) (4-5) 

for all permutations 7r 6 P„ and for all functions / G S^R 4 ™). 
E4. Cluster property 

lim (s n+m ,9f* <g> (g m )(ta,i)) = (s n ,0f*)(s m ,g m ) (4.6) 
for all /„ G 5(R 4n n R 4n ), # m G 5(R 4m n Ri m ), a = (0, a), a G R 3 . 
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Let us consider the restriction of the distribution s n G S'(R^ n ) on the test functions from 

>4n 



the space S^R 4 ™). Then the translation invariance ( [4.3| ) implies 

Sri (-^1 5 • • • 5 •En) (-^2 j • • • 5 ^ra -^n— l) j (^"^) 

where the distribution S n -i(x) G S"(R'+ n ). We note that for the function g(x±, ...,x n+ \) = 
f(x2—Xi,...,x n+ i—x n ) the definitions (|4.1|) imply the equality 9g*(xi, x n+ i) = (9 p f*)(x2 — 
Xi, ...,x n+ i — x n ), where the involution 

9pf(x!, ...,x n ) = f(-6xi, -9x n ) (4.8) 

leaves the space S^R 4 ™) invariant. 

We substitute into the inequality ( |4.4j ) the sequence consisting of single function 

, / . f (j) 1 (xi)(j) m (x2-xi,...,x m+1 -x m ), m>0 . . 

1 0i (xi), m = 0, 



where the functions 0i G S'(R^) and m G S^R 4 ^ 71 ). Then by using the definitions ( |4.7|) and 
( [4.8|) we can rewrite the inequality ( f4.4|) for m = in the form ( |3.9|) and for m > in the 
following form 

J d 4 xdV2m+l(Vm^-^^m)0i(x)0l(y) >0. (4.10) 

Here we introduce the distribution 



d A xS n+m+l {f ni xJ m )h{x) = / d 4( " +m+1) ^ n+m+1 (x)/ n ®/ 1 ®/ m (x), (4.11) 



constructed from the distribution S n+m+ i(x) G S"(R+ n+m+1 ' ) ) and the test functions f n G 
S^R 4 ™), / m G S^R 4 " 1 ). For n = or m = the distribution ( |4 . X 1| ) is defined in an obvious 
way. 



The inequalities (|4.10|) show that the distributions S2 m +i(9 p (f)^ n , x, <p m ) are extremely sig- 



nificant. We formulate the new axiom exactly for these distributions. 
E5. Weak spectral condition 

Let S2m+i(x) G S"(R+ 2m+1 ^), m = 1,2,... , be any distribution defined by the relation ( ^4.7|) . 
Then there is the natural number K such that for any integers k > K, 1 < / < m and for 
all test functions ipi(x) G S^R 4 ), i = ipj(x) G S^R 4 ), j = I + 1, m + 1, there exists 

the limit 



lim pzr lim T ^[d^^x({[xy 2m+2 _ i y k S2 m+ i(x)x 

9 p (L; 1 [tP 1 ® • • • ® ^] I o... iI? (.;n,T))*](i), (4.12) 
where the function 
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I m 

L- 1 [i) 1 ®---®^ m ) x ° i ^ x °{x;n,T)) = (II ^Natffo; m, T,))( II ^(o*)) (4.13) 

i=l i=Z+l 



and the function L~ 1 [?/'] :r o(x; n, T) is given by the equality ( |2.54| ). 
Theorem 2.7 clarifies this weak spectral condition. 

Let us remind the Wightman axioms || for the Wightman distributions. The set of the 
Wightman distributions {w n } is a sequence of distributions with the following properties 
RO. Temper edness 
w = l,w n e S'(R 4n ) and 

K7) = Kf) (4.14) 

for all / G S(R 4n ). 

Rl. Relativistic invariance 

K,/(a,A)) = K,/) ( 4 -15) 

for all vectors a G R 4 , for all Lorentz transformations A G and for all functions / G 
S^R 4 ™), where the function f( a ,\){x) = f(A~ 1 (xi — a), A _1 (x n — a)). 
R2. Positivity 

EK+m,/„*®/m)>0 (4.16) 
n.m 

for all finite sequences of the functions / n G S'(R 4n ). 
R3. Zoca/ commutativity 

For all natural numbers n > and j = 1, n — 1 

w n (xi, Xjjf-i, Xj, .., x n ) tf^^xi, Xj, Xj-^i, .., x n ) (4.17) 

if the vector Xj + i — Xj G R 4 is spacelike: (xj+i — Xj,Xj + i — Xj) = (Xj +1 — x®) 2 — Y$=i{ x j+i — 
x)) 2 < 0. 

R4. Cluster property 



lim w n+m (x 1 , x n , x n+1 + Xa, x n+m + \a) = (4.18) 

A^oo 

^nixii •••■) Xfi)W m (Xfj-i-i , X n _|_ m ) 

for all natural numbers n, m > and for all spacelike vectors a G R 4 . 
R5. Spectral condition 

For all natural numbers n > 1 there exists the tempered distribution G S"(R 4< - n_1 - ) ) 

with support in V+ n , where V + is the closed forward light cone, such that 

w n (x) = j d^pW^ip) exp{* J2(Pv - **))}■ (4-19) 
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Now we are able to formulate the revised Osterwalder-Schrader theorem. 
Theorem 4.1. To a given sequence of Wightman distributions satisfying R0-R5, there 
corresponds a unique sequence of Schwinger functions with the properties E0-E5. To a given 
sequence of Schwinger functions satisfying E0-E5, there corresponds a unique sequence of 
Wightman distributions with the properties R0-R5. 

Proof. We start from a relativistic field theory given by a sequence of Wightman distribu- 
tions, satisfying the axioms R0-R5. Due to Theorem 3.5 from || the Wightman distribution 
w n is the boundary value of the Wightman function w n (zi, ...,z n ) = W n -i(z 2 — z\, ...,z n — 
z n -i), where the function W n -i(zi, z n -i) is analytic in the tube T n _i = {zx, z n -i\ 
Imzi G V + ,i = l,...,n— 1}. The Wightman function w n (z\, z n ) is Lorentz invariant 
(Lorentz covariant for the theories of arbitrary spinor fields). The Bargmann Hall Wight- 
man theorem || Theorem 2.11] implies that the function W n {z%, z n ) allows a single 
valued L + (C) invariant (L + (C) covariant for the theories of arbitrary spinor fields) an- 
alytic continuation into the extended tube T' n = UAeL+(c)AT n . By using Theorem 3.6 
from H we conclude that the function w n (zi, ...,z n ) has an L + (C) invariant, single valued, 
symmetric under the permutations analytic continuation into the domain IT? —{z\, z n \ 
( z n{2) — z tt(i), z ir(n) — z n(n-i)) £ ^n-i f° r some permutation Ti (1) , . . . , 7i{n) of the num- 
bers l,...,n}. (For the theories of arbitrary spinor fields this function has an L + (C) co- 
variant, single valued analytic continuation into the domain IT% with obvious symmetry 
properties under the permutations.) The set lTf[ contains the set of the Euclidean points 
E n = {zi, z n |Rez° = 0, Imzfc = 0, z^ ^ zfioi all 1 < k, j < n,k ^ j}. The restriction of 
the Wightman functions to Euclidean points defines the Schwinger functions 

s n (xi, ...,x n ) = w n ((ix°, xi), (ix° n , x n )). (4.20) 

The derivation of the extended Osterwalder-Schrader axioms E0-E5 from the Wightman 
axioms follows the arguments of the paper jl] and of Theorem 2.7. 

Let {s n } be a sequence of distributions satisfying the extended Osterwalder-Schrader 
axioms E0-E5. If we substitute into the inequality ( f4.4| ) the sequence consisting of single 
function (fL9|) for m = we get the inequality ( |3~9"1) for the distribution S\(x). Due to 
Theorem 3.5 this distribution is the Laplace transform with respect to the time variable of a 

— 4 

tempered distribution with support in the closure R + . Let us substitute into the inequality 
( |4.4p the sequence consisting of two functions f n+ i(x) and f m +i( x ) of type ( |4.9p with the 
same function (f)\(x). Then we obtain the following inequality 

J d 4 xd 4 yS{0 n , (t) m }{x - 6y)fa(x)<j) 1 {y) > 0, (4.21) 

where the distribution 



S{(f> n , 4> m }(x) = S{4> m ,4> n }(x) = S 2 m + l(9p4>* m ,X,(f) m ) + S 2n +l(0 p (f)* n , X, (j) n ) + 

S m+ n+i(0p4>* m ,x,4> n ) + S m+n+1 (8 p 4>* n ,x,4> m ). (4.22) 
This definition may be easily modified for the case n = or m = 

S{\, m }(x) = 5{0 m , \}(x) = (4.23) 

S2m+l{Qp4>* m ,X,4>m) + \X\ 2 Si(x) + XS m+1 (8 p (j)* m , x) + XS m+1 (x, m ) , 
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where A is a complex number. The equality ( |4.22| ) implies the relation S{<f) n ,<f) n }(x 
45 , 2„+i(^ p 0* , x, <fi n ). Hence the inequality ( |4. 1U| ) is the particular case of the inequality (|43 
for m = n. It follows from the definitions ( |4.22|) , ( |4.23|) that the distribution ( |4.11| ) is the 
linear combination of the distributions (4.22) and ( |4.2^ 



S m+n+1 ((f) m ,x,4> n ) = l/2S{(p n ,9 p (f)* m }(x) + i/2S{<fi n ,i9 p (j)* m }{x) - 

{i + i)/2S 2m+1 {<t) m ,x,e p <t)* m ) - (i + i)/2SWi(Mn»z»&0- ( 4 - 24 ) 

In particular for m = or n = and (fio = 1 we get 



S n+1 (x, <fi n ) = 1/25{1, <fi n }{x) + i/2S{i, <fi n }{x) - 

(1 + i)/2S 2n+1 (6 p( fi n , x, <fi n ) - (1 + i)/2S!(x), (4.25) 



Sr+ii^x) = l/2S{l,9 p( f) n }{x) + i/2S{l,i6 p cf> n }{x) - 

{l + i)/2S 2n+1 {(fi n ,x,6 p( fi* n ) - (1 + i)/2S , 1 (x). (4.26) 



The inequalities ( [4.21 ) imply that for any function <fi n e 5(Rl) every of four distributions, 



depending on the variable x, in the right-hand side of the equality ( f4.25| ) is proportional 
to the distribution from S"(R^), satisfying the Osterwalder-Schrader positivity condition 
Due to Lemma 3.2 the limits ( |3.11| ) and ( |3.12| ) are equal to zero for the distribution 



(x°) k S n+ i(x, (fi n ) G S"(R/}_) if the integer k > 0. It follows from Proposition 3.4 that for the 
distribution S n +i(x) 65"(R+ ) there exists the limit ( |2.54| ) for the integers I = 1, j\ = 1, 



K = 0. By the definition the support of the distribution L c 1 [(x < () k S n+ i] x o (xi, x n+ \) 

— 4 

with respect to the first variable x\ is in the closure R + . Theorem 3.5 and Lemma 3.2 imply 
that for all functions ifii G 5'(R+), i — 1, ...,n + 1, and for any integer k > the following 
relation holds 



j d 4 ^xS n+ i(x) ll^Xi) = J d^x{^) k L-\x\)- k S n+l ] x »{x) x 

/n+l 
dy°exp{-XiViWM,xi) U frfa) ( 4 -27) 



In view of the equality (|4.26| ) all above results are valid for the distribution S n+ i((fi n , x) G 
S'(R%), where the function (fi n G S{Rf). 

The weak spectral condition E5 implies the existence of the limit 

f Hm or lim o / d 4{2m+1) xS 2 n + i{x)(x 1 )- k L- 1 [^ 1 } x o{x 1 -, m, T) x (4.28) 

n+l n 

(II ^(^0)^((n^( X 2n+2-i))(4„ + l) _fc ^ 1 [^l] x O n+1 (^2n+i;m,T)) 
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for some positive integer k and for all functions ipi(x) G 5*(R 4 ), ipi(x) G S^R 4 ), % = 2, n+1. 
Here the function L~ 1 [%pi\ x o{x\ m, T) is defined by the relation ( |2.54| ). The linear functional 
( f4.28| ) with respect to the function i[) n+ i(x) G 5'(R+) is the tempered distribution from the 
space S"(R^). It satisfies the Osterwalder-Schrader positivity condition ( |3.9| ). The similar 
arguments may be applied for the distributions S{1,9 P (Y\™ =1 i J i(x i ))*}(x) and S{1, iO p (Y[^ =1 
ipi(xi))*}(x) in the right-hand side of the equality of type (|4.26|) . Thus the limit (|2.54| ) 
(L~ l [(xi)~ k S n+ i] x o(x), (J\!i=i ipi^Xi))), the existence of which is proved above, for some pos- 
itive integer k and for all functions ipi(x) G >S(R 4 ), ipi(x) G S^R 4 ), i = 2, ...,n + 1, has the 
decomposition of type ( }4.26| ) into four distributions with respect to the function i[) n+ i(x) G 
S^R 4 ). These distributions are proportional to the distributions from S"(R 4 ) satisfying the 
Osterwalder-Schrader positivity condition (|3.9|) . Now Proposition 3.4 implies that for the 
distribution S n+ i(x) G S"(R+ n+1 ' ) ) there exists the limit (|2.54j ) for / = 2, ji = 1, j 2 = n + 1 
and for some positive integer k. Due to the definition the supports of this limiting distri- 
bution L~ x [(xiX^ +1 )~ k S n+ i] x o j2 .o +i (x) with respect to the first and the last variables are in 

the closure R, . Theorem 3.5, Lemma 3.2 and the relation ( f4.27|) imply that for sufficiently 
large positive integer k and for all functions ipi(x) G S^R 4 ), i = 1, ...,n + 1, the following 
relation holds 



n 

J ^« +1 exp{- E x iVi}( II M&Xi))Ul><(?i). ( 4 - 2 9) 

«=l,n+l i=l,n+l i=2 

By using the weak spectral condition E5 and the equalities (|4.24|) it is possible to prove 
step by step that there exists the limit ( |2,54j ) for the distribution S n+ i(x) eS'(Rf +1) ), for 
I = n + 1 and for some positive integer k. By the definition the supports of this limiting 
distribution L~ l [(nS x i)~ k Sn+i]x° {s) with respect to any variable is in the closure R + . 
Since the weak convergence in the space 5" implies the convergence in the topology of 
the space S' (see |, Section 3.7] ) the limit (L~ l [(n" =1 x° i )~ k S n+1 ] x a (x), (U7=i A( x i))) 
is continuous in each function ipi{x) G S^R 4 ). Hence the nuclear theorem J7L Chapter 1, 
Section 1, Theorem 6] implies that L^ 1 [(U?=i ^)' k S n+i y (x) eS'(R i(n+1 '>). Its support is 

in the closure R/! n+1 . The application step by step of Theorem 3.5 and Lemma 3.2 gives 
for sufficiently large positive integer k and for all functions ipi(x) G 5*(R 4 ), i — 1, ...,n + 1 
the following relation 



J d^xS n+l {x) J] = / d4{n+1)x (7T-o jnH^KlI x°)- k S n+1 ] x0 (x) x 

i=l J c>x l ' ' ' clx n+l i=i 

n+1 n+1 

J ^•••^° +1 exp{-E^ }(n^(?/° ! ^))- ( 4 -30) 

i=l i=l 



Therefore for any n = 1,2,... the distribution S n (x) G S"(R 4n ) is the Laplace transform of 
the tempered distribution from S"(R 4n ) with support in the closure R+™. 
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Now the derivation of the Wightman axioms R0-R5 from the Osterwalder-Schrader 
axioms E0-E4 follows the arguments of the paper |I| . 
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